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Abstract 

For a given multigraph H, a graph G is //-linked, if \G\ > \H\ and for every injective map 
t : V(H) — > V(G), we can find internally disjoint paths in G, such that every edge from uv in H 
corresponds to a t(u) — t(v) path. 

I Gl 

To guarantee that a G is H -linked, you need a minimum degree larger than . This situation 
changes, if you know that G has a certain connectivity k. Depending on k, even a minimum degree 
independent of \G\ may suffice. Let S(k, H, N) be the minimum number, such that every fc-connected 
graph G with \G\ = N and 6(G) > 8(k, H, N) is //-linked. We study bounds for this quantity. In 
particular, we find bounds for all multigraphs H with at most three edges, which are optimal up to 
small additive or multiplicative constants. 



1 Introduction and notation 

All graphs and multigraphs considered here are loopless. For concepts and notation not defined here we 
refer the reader to Diestel's book (HI). 

A separation of a graph G consists of two sets A, B C V(G) with AuB = V and no edges between 
A\B and B\A. If \A C\ B\ = k then the separation is called a k-separation. 

Now let H be a multigraph. A graph G is H-linked, if \G\ > \H\ and for every injective map 
r : V(H) — > V(G), we can find internally disjoint paths in G, such that every edge from uv in H 
corresponds to a t(u) — t(v) path. This concept generalizes several concepts of connectivity studied 
before. If H is a star with k edges (or a fc-multi-edge), then //-linked graphs are exactly the /c-connected 
graphs. If H is a cycle with k edges, then //-linked graphs are exactly the /c-ordered graphs. Finally, if 
H is a matching with k edges, then //-linked graphs are exactly the A;-linked graphs. 

The following are easy facts about //-linked graphs. Detailed proofs for Facts |l.l| and 1.2 can be 
found in El. 

Fact 1.1. Let H\ and H2 be multigraphs and suppose that H2 is a submultigraph of Hi. Then every 
Hi-linked graph is B^-linked. 

Fact 1.2. Let Hi and H2 be multigraphs and suppose that one gets H2from Hi through the identification 
of two non-adjacent vertices, one of which has degree 1. Then every Hi-linked graph is H2-linked. 

Corollary 1.3. Let H be a multigraph without isolated vertices. Then every \E(H)\-linked graph is 
H-linked. 

Fact 1.4. Let H be a multigraph with a k-multi-edge. Then, every H-linked graph is (\H\ — 2 + k)- 
connected. 
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The minimum degree required for a graph to be fc-linked is well understood. Kawabarayashi, Kos- 
tochka and Yu prove the following sharp bounds. 

Lemma 1.5 (H). Let G be a graph on N >2k vertices with minimum degree 



Then G is k-linked. 

Note that the degree bounds above imply that the graph G is (2k — reconnected. Further, if G has 
a (2k — l)-separation (A, B), the bounds allow missing edges in G[A] and G[B] only inside An B. 
On the other hand, if G is 2/c-connected, then an average (and thus a minimum) degree constant in N is 
sufficient, the best known bound was found by Thomas and Wollan. 

Theorem 1.6 ([6]). IfG is 2k-connected and G has at least bk\V(G)\ edges, then G is k-linked. 

For k = 3, Thomas and Wollan strengthen this bound to a sharp bound. Given a graph G and a set 
X C V(G), the pair (G, X) is called linked, if for every set {x\, . . . , x^,y\, . . . , y^} C X of 2k < \X\ 
disjoint vertices, there are k disjoint Xi — yi paths with no internal vertices in X. 

Theorem 1.7 ([7]). Let G be a graph, an let X C V(G) with \X\ = 6. IfG has no 5-separation (A, B) 
with X C A and G has at least b\V(G)\ — 26 edges outside ofG[X], then (G, X) is linked. 

Corollary 1.8 ([7]). IfG is ^-connected and G has at least 5|y(G)| — 14 edges, then G is 3-linked. 

Corollary 1.9 ([7]). IfG is ^-connected and 5(G) > 10, then G is 3-linked. 

Similarly, bounds have been known for a long time for the case k = 2. 

Theorem 1.10 (0). Let G be a 4-connected graph, which is either non-planar or triangulated. Then G 
is 2-linked. 

Corollary 1.11. IfG is 4-connected and \G\ > 3\G\ — 6, then G is 2-linked. 

Corollary 1.12. IfG is ^-connected and 5(G) > 6, then G is 2-linked. 

In a sense, there is a rather sharp threshold for A;-linked graphs. If k(G) = 2k — 2, then G is not 
/c-linked. If k(G) = 2k — 1, we need to give very strong (linear) degree conditions to guarantee that G is 
/c-linked. If k(G) = 2k, then weak (constant) degree conditions suffice. Our program is to study similar 
behavior in the more general setting of if -linked graphs. In particular, we want to study the following 
quantity. 

Definition 1.13. Let H be a multigraph, and let k > 0. Choose N > k + 1 large enough, so that K N is 
H -linked, and define 

5(k, H, N) := min{<5 G N>^ : every k-connected graph on N vertices with 5(G) > 5 is H-linked}. 

Due to the following simple fact, we will restrict our attention to multigraphs H without isolated 
vertices for the rest of the paper. 

Fact 1.14. Let H be a multigraph. Then 6(k + 1, H U v, N + 1) = 5(k, H, N) + 1. 
We can state some of the above Theorems and facts along the lines of our program. 



5(G) > < 



( iV+2fc-3 
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if N > 4k - 1 
if 3k < N < 4k 
if 2k <N < 3k 
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Theorem 1.15. Let H be a connected bipartite multigraph with £ edges, where one of the two parts of 
the bipartition contains only one vertex. Then 



S(k,H, N) 




Theorem 1.16. 



for k <£. 
for k>£. 

'N+2i-3~ 



5(k,£K 2 ,N) = p±f=^|+o(l), ifk<2£, 

ifk > 21. 



max{2£ + 2-o(l),/c} < 5{k,£K 2 ,N) < max{10£,k} 
Theorem 1.17. 

5(k,3K 2 ,N) = p^]+o(l), ifk<6, 

max{8- o(l),k} < 5(k,3K 2 ,N) < max{10, k}, ifk>6. 



Theorem 1.18. 



5(k,2K 2 ,N) = p±I] +0 (l), ifk<4, 
max{6-o(l),A;} < 5(k,2K 2 ,N) < max{6,£;}, ifk>4. 



To get the lower bounds in Theorems 1.16 1.17 and 1.18[ construct a not ^-linked but {21 + 1)- 
connected graph from a planar, not triangulated 5-connected graph by adding 2£ — 4 universal vertices, 
which are connected to all other vertices of the graph. We will finish this section with a small new result. 



Theorem 1.19. 



ff 



5(k,K 3 ,N) 



2 I ' 
N+2~ 



fc, 



ifk < 2, 
ifk = 2, 
ifk > 3. 



Proof. Let {x, y, z} C V(G). For k < 2, the statement is trivial, as only 2-connected graphs can be K 3 - 
linked, and we need 5(G) > £ to guarantee k(G) > 2, in which case the lower bound for k = 2 gives 
the result. For k = 2, let C be a longest cycle in G containing {x, y}. Then, with a standard Dirac type 
argument ([2]), \C\ > 25(G) > If z is on C, we are done. Otherwise, \N(z) n C\ > 3, and z has 

at least two neighbors on at least one of xCy and yCx, so we can find a cycle through x, y and z. On the 
other hand, the graph consisting of three complete graphs on ^j^ 2 - (rounded up or down appropriately) 
vertices, each of them completely connected to two independent vertices, shows the sharpness of the 
bound. 

For k > 3, the statement is very easy again, as every 3-connected graph admits a cycle through any 
three given vertices, and is thus iv~ 3 -linked. □ 

Note that the only multigraphs with three edges we have not considered yet are P 4 , K 2 U P 3 and 
K 2 U C 2 , where C 2 denotes two vertices connected by a double edge. We will find good bounds for 
these graphs in the following three sections. 



2 H = P 4 



Let us start this section with a definition. 



Definition 2.1. Let G be a graph, and let {a, a', b, b', c, c'} C V(G). Then (G, {b, b'}, {c, c!}, (a, a')) is 
an obstruction if for any three vertex disjoint paths from {a, b, b'} to {a' , c, c'}, one path is from a to a'. 
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Note that if G is a graph which does not contain a path through a, c, b, a 1 G V(G) in this order, 
we can construct an obstruction (Gb. c , {b, b'}, {c, c'}, (a, a')) from G through addition of two vertices 
{&', c'} with AT(£/) = AT(fe) and JV(c') = N(c). Thus, if we want to find bounds on S(k, P 4 , n), it will 
be helpful to know the structure of obstructions. 

Yu has characterized obstructions in 00 . We will be concerned mostly with connectivity k > 4, so 
we will state his results here only for 4-connected graphs. In particular, we omit case (4) in the following 
definition. 

Definition 2.2 (HI). Let G be a graph, and {a, b, b'}, {a', c, c'} C V(G). Suppose {a, b, b'} / {a', c, c'}, 
and assume that G has no proper 3-separation (G%, G2) such that {a, b, b'} C G\ and {a, c, c'} C G 2 . 
Then we call (G, (a,b,b'), (a',c, c')) a rung if one of the following is satisfied, up to permutation of 
{b, b'} and {c, c'}. 

(1) a = a'or{b,b'} = {c 1 c'}; 

^^^^ 

T 

(2) b = c and (G — b, b' , d , a' , a) is plane; 




(3) {a, b, b'} n {a', c, c'} = and (G, b, a, b' , c', a', c) is plane; 



(5) {a, b, b'}f]{a' , c, c'} = 0, (G, b, c, a' , a) w plane, and G has a sepa- 
ration (Gi, G 2 ), such that V{G\V\G2) = -j>,a} for y(GinG 2 ) = 

a'}), {b,c,a,a'} C Gi, {i/,c'} C G 2 , and (G2,b' , c' , z, a) (or 
(G 2 , b' , c' ,a' , z)) is plane; 

(6) {a,b,b'} n {a',c, c'} = 0, arca 1 f/jere are pairwise edge disjoint 
subgraphs G\, G 2 ana" M of G such that G = G\ U G 2 U M, 
V(Gi n M) = {«, 10}, 1/(G 2 n M) = {p, g}, Gi n G 2 = 0, 
{a, b, c} C Gi, {a', &',(/} C G 2 , arca 1 (Gi,a,b,c,w,u) and 
(G 2 , a', c', are plane; 

(7) {a,b,b'} fl {a',c, c'} = 0, ana 1 ?/iere are pairwise edge disjoint 
subgraphs G\, G 2 ana 1 M of G such that G = G\ U G 2 U M, 
y(GiHM) = {a,a',w}, F(G 2 nM) = {a,a',p}, F(GinG 2 ) = 
{a, a'}, {6, c} C G\, {b',c'} C G 2) ana 1 (Gi,b,c,a' ,w,a) and 
(G 2 , c', 6', a,p, a) are plane; 

Definition 2.3 ([8]). Le? L be a graph and let R\, . . . , i? m oe eage disjoint subgraphs of L such that 

1. (R h (vi,Xi,yi)) is a rung for 1 < i < m, 

2. V(RinRj) = {vi,x i ,y i }n{vj^i,Xj-i,yj- 1 }forl < i < j < m, 

3. for 0<i<k<j<m, we have (vi = vj Vi = Vk), {x% = Xj =>• x% = Xk) and 
(Vi = Vj =>• Hi = Vk), 

4. L = (U™ 1 Ri) + S, where S C U£o{ u » a; *5 
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Then we call L a ladder along vq . . . v m . 

Due to condition 4 in the last definition, we may assume that there are no edges in Pj [vi-i , , yi-i] 
and Ri[vi, Xi,yi] for 1 < i < m. 

For a sequence 5, the reduced sequence of S is the sequence obtained from S by removing a mini- 
mal number of elements such that consecutive elements differ. After these definitions, we are ready to 
formulate the version of the characterization theorem for obstructions, restricted to 4-connected graphs. 

Theorem 2.4 ([8]). Let G be a 4-connected graph, {a, b, b'}, {a' , c, c'} C V(G). Then the following are 
equivalent. 

1. (G, {b, c}, \b' , c'}, (a, a')) is an obstruction, 

2. G has a separation (J, L) such that V(J D Li) = {u>o, • • • , w n }, (J, wq, . . . , w n ) is plane, and 
(L, (a, b, b'), (a', c, c')) is a ladder along v o . . . f m , where Vq = a, v m = a' and wq . . . w n is the 
reduced sequence of vq . . . v m . 



With the help of Theorem 2.4 we can determine fairly sharp bounds for 5(k, P 4 , N). 
Theorem 2.5. 

5(k,P 4 ,N) = , ifk<3andN>U, 

^/WTT < 5(4,P 4 ,iV) < y/N + 5, _ 
+ < 5(5,P 4 ,N) < + 4.2 + o(l) < \fN + 6, 

6 < 5(6,P 4 ,N) < 8, 

5(6, P 4 , AO = 8, ifiV > 418 
5(k,P A ,N) = k, ifk > 7. 

Proof. 

Case 2.5.1. k < 3 

If G has minimum degree 5(G) > and a 3-separation (^4, B), then and G[J3] can have 
missing edges only inside An B. In this case, it is easy to check that G is P 4 -linked for iV > 6. If G 
has no 3-separation, then G is 4-connected and the result follows from the case k = 4 for N > 14. 

To show that 5(k, P 4 , N) > [yj consider a graph G consisting of two complete graphs G\ and 
G 2 with Id | = \^±^}, \G 2 \ = and \Gi n G 2 \ = 2, and an additional edge pip 4 with p 1 £ 

V{Gi \ G 2 ) and p A e F(G 2 \ Gi). If we choose p 3 G F(Gi \ G 2 ) and p 2 E F(G 2 \ Gi), then G 
contains no path passing through p\ , p 2 , p% , p A in order. 

Case 2.5.2. fc = 4 

First, we will construct a graph G demonstrating that 6(4, P 4 , iV) > -x/JV-FT. Let 5 > 4. Let 
Zi, 1 < i < 5 — 1 be complete graphs with |V(Zj)| =5 + 1. Let {ai,bi,Xi,yi} C V(Zi), where 
ai = b 2 , and otherwise the V(Z{) are disjoint. Let V(G) = {pi,Pi\ U and add all edges 

Oj6j + i, XiXi+i, UiVi+i for 1 < i < 5 — 2. Further, add the edge and edges from p\ to the first 
5—1 vertices of the path P = b\b 2 a 2 b^ . . . bg-iag-i, and from p A to the last 5 — 1 vertices of P (see 
Figure^. Then 5(G) = 5, G is 4-connected, and iV = | V(G)| = 5 2 . Further, there is no path containing 
Pi) o-5-i, b\, pi in order. 

To show that 5(4, P 4 , N) < y/N + 5, assume that G is a 4-connected graph on n vertices with mini- 
mum degree 5 > 7 (the statement is trivial for 5 < 6), and assume that G contains vertices a, c, 6, a', but 
no path contains the vertices in the given order. Then (G& iC , {b, b'}, {c, c'}, (a, a')) is an obstruction and 



has the structure described in Theorem 2.4 Let us focus on the structure of the first rung Pi C L C G& iC . 



Since N(b) = N(b'), types (3), (5), (5'), (6), (6'), and (7) are not possible. If Pi is of type (2) or (2'), 
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Figure 1 : The graph G in Case 



2.5.2 



then it is in fact also of type (1) by the same reasoning. Since G is 4-connected (and G is obtained from 
Gb,c by contracting {b, b'} and {c, c'}), we can conclude that R\ is of type (1) with {b, b'} = {x\,yi} 
and V(iii) = {a,b,V,v{\. 

Similarly, R m is of type (1) with V(R m ) = {a' , c, d , f m -i}- Thus, a and a 1 each have no neighbors 
outside of J U {b, b', c, c'} (and thus, each of them has at least 5 — 1 neighbors in J). We may assume 
that aa! G E(J), otherwise we can add it. Due to Euler's formula, all triangles in J are facial, so 

\V(J)\ > \N(a) U N(a')\ > 2(5 - 1) - \N(a) n N(a')\ > 25 - 3. 

Therefore, again with Euler's formula, J has a lot of outgoing edges. 

\E(J,G\J)\ > 6\V(J)\ - (6\V(J)\ - 12). (1) 

For every 1 < j < m — 2, there are at most two vertices in V(L) n N(vj) n iV(uj+i) n N(vj + 2) due 
to the ladder structure of L. Every other vertex in V(L) has at most two neighbors in V(J). Noting that 
\V(J)\ > n and \V(L D J)| = n + 1, we have 

2|V(L)| > |£(J,G\J)| -2n + 2> <5|F(J)| - 8|V(J)| + 14 > 25 2 - 195 + 38, 

and thus N > (5 — 5) 2 . This shows the claim for k = 4. 
Case 2.5.3. = 5 

Construct the graph G as follows (see Figure [2]). Let 

P 1 = P1P2P3P4, 

P 2 = ri...(^- s = r^...(^- 2 = r3 1 )ri...(^- 2 = rl)ti...^- a ) 
P 3 = • • • (^ 4 = vi, 2 )t;?,2 • • • (^r 2 3 = "is) • • • wfc-s 

be paths, let Z\ 1} . . . , (Zf^ 3 = Z\ 2 ), . . . , ^^ 3 2 ^ e complete graphs on 5 + 1 vertices each with 
t&, e and Ki'^j} = {^j" 1 .^ 1 } for 1 < i < 4, 1 < j < ,5 - 2, and 

1 < A; < 5 - 3. Add edges p^, r\v\-,pxy\ x , p\A^ r \v\^ r l z i.v Pa w I~6 4 - 3 , PaxI~/_ 3 , r 4~ 3u; 4^-3' 
and ri- 3 x^i 3 . 

Then 5(G) = 5, G is 5-connected, and JV = |V(G)| = 45 3 - 33J 2 + 845 - 58 < 4(5 - 2.7) 3 . 

Further, there is no path containing p 3 , p\, p4, p 2 hi order. Therefore, 5(5, P 4 , N) > + 2.7. 

To show the upper bound for 5(5, P 4 ,N), assume that G is a 5-connected graph on N vertices 
with minimum degree 5 > 7 (the statement is trivial for 5 < 6), and assume that G contains vertices 
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Figure 2: The graph G in Case 



2.5.3 



a, c, b, a', but no path contains the vertices in the given order. Then (G& )C , {b, b'}, {c, c'}, (a, a')) is an 
obstruction and has the structure described in Theorem 2.4 By the same argument as in Case |2.5.2) we 
can conclude that the first rung Ri C L C G^ c is of type (1) with {6,6'} = {xi,yi} and V(i?i) = 
{a,b, b',vi}. 

But since d(b) > 5 and G (and thus Gft >c ) is 5-connected, we have in fact that for 1 < i < 5 — 3, 
V(Hi) = {vi-i,Vi,b, b'}. Similarly, V(Ri) = {vi-i,Vi, c, c'} for m — 5 + 4 < i < m. Further, for 
1 < i < m, Ri is either of type (1) with = or V(i?i) = {i>i-i, Uf, x%, Vi}- Otherwise, 

we could find a 4-cut, or there would be a contradiction to Euler's formula in one of the planar subgraphs 
inside Ri. 

Next, we will look at N(a) D L. If auj € E(Gf,^ c ) for some 2 < z < m — 1, then {a, Uj,^, is a 
4-cut of Gb, c , so N(a) D L C u m , 6, 6'}. Similarly, N(a') n L C {w , c, c'}. Therefore, 

|(JV(a) U iV(o')) \ L| > 2(5 - 3) - 1 = 2(5 - 7. 
Observe that V( J) U {6, c} induce a planar graph. The vertices in 

(N{a) U iV(a')) \ L U {«!,.. . v 5 _ 3 , f m _(5 + 4 ; • • • v m _i} 

induce a subgraph of a path, as otherwise G[V( J) U {6, c}] would contain a separating cycle of length at 
most 6, which would lead to a contradiction with Euler's formula. This implies that 

\V(J)\ > (A5 - 10)(<5 - 3) + 4 = 4<5 2 - 22<5 + 34. 

For every 1 < j < m — 1, if vj / then V(L) n N(vj) n iV(uj+i) C {xj,yj} due to the 

ladder structure of L. Every other vertex in V(L) has at most one neighbor in V{J). Noting that 
\V(J)\ > m + 25 - 7 and |V(L n J)| = n + 1, we have (using (HI 



|F(G)| > |£(J, G\ J)\ - 2(m - 1) + |1/(J)| > «5|y(J)| - 7| V(J)| + 45 > 4(5 - 6) 3 , 

and thus 5(5, P 4 , N) < ^/f + 6. The last inequality also gives us \ V(L)\ > 4(5 - 4.2) 3 for 5 > 50, so 
5(5,P 4 ,iV)< ^1 + 4.2 + (l). 
Case 2.5.4. fc = 6 



It follows from Theorem 



1.6 that 5(6, P ,N) < 10, but we can do a little better. First, we will 



construct a 6-connected graph G with 5(G) = 7, which is not P 4 -linked. This is a graph very similar to 
a graph constructed by Yu in [ 8 ] , although there he falsely claims that this graph is 7-connected. 

Choose n large enough to be able to construct a 3-connected plane graph (J, wq, . . . , w n ) along the 
lines of the construction in Case |2.5.3| Add a ladder L along J n L = wqWi . . . w n as follows. Add 
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vertices x, y, and Xi, yi for 6 < i < n — 5, and edges xwj, yw n -j for < j < 4, xxg, xy$, w^xq, 
^42/6, ^5^6, ^5^6, yxn-s, VVn-5, w n ^ A x n - 5 , w n _ 4 y n _5, w n _ 5 x n _ 5 , w n _ 5 y n _ 5 , and all possible edges 
in {wi, Xi, yi,x i+ i,y i+ i} for 6 < i < n - 6 (see Figure|3}. 

If we construct J carefully, then G is 6-connected and has 5(G) = 7. But there is no path through 
Pi = ^Oi P2 = Ui Pz = x, pi = w n in order. This construction works for N = 394, and with slight 
adjustments for all N > 418. Note that {xi, yi, Wi, uij+i, Xj + 2, yi+2} is a 6-cut for 6 < i < n — 7, so G 
is not 7-connected. 




Figure 3: The graph G in Case 2.5.4 



To conclude that 5(6, P 4 , N) < 8, assume that there is a 6-connected graph G with 5(G) > 8, which 
is not P 4 4inked, i.e., (G;, )C , {b, b'}, {c, c'}, (a, a')) is an obstruction for some a, a', b,c G ^(G), and has 
the structure given by Theorem |2.4| 

Following the same arguments as inCase 2.5.3| we can see that V(Ri) = {fj-i, Xi-i, Pi-i, Vi,Xi,yi} 
for 1 < i < m, while {xi,yi} = {b,b'} and {x m -i,y m ~i} = {c, c'} for < i < 5. We now intro- 
duce two new types (8) and (8') of rungs (R, (a, b, b'), (a', c, c')). Note that these rungs have proper 
3-separations, as opposed to all other types. 

(8) \{a, b, b', a', c, c'}| = 6, and N(a) C {a', 6, 6'}; 
(8') j {a, 6, b', a', c, c'}| = 6, and JV(a') C {a, c, c'}. 



In fact, these types of rungs are each two rungs of type (1) in a row, so Theorem 2.4 is still valid if 
we allow them. But we will use this notation in the following arguments. 

Without loss of generality we may assume that v-i 7^ Uj+i for 1 < i < m — 1. Otherwise, ei- 
ther (G[V(Ri U Ri+i)], (v i+1 ,x i+1 ,y i+1 )) is a rung (possibly of type (8) or (8')), 
N{x i+ i) C {vi, Xi, y i, y v i+ 2,x i+ 2, y i+2}, or N(y i+1 ) C {uj, Xj, yj, a; i+ i, v i+2 , x i+2 , yi+2}, contra- 
dicting 5(G) > 8. Similarly, we may assume that vq 7^ v\. 

Assume that N(vi) n V( J) C m + 1, u} for some 1 < i < m — 1 and some n G V( J). Then 

£ {xi_i,yi_i,2;i + i,yi + i} since > 8. This implies that xi , yi {xt-i, yi-i, x i+ \, yi+i}, 
since d(xi),d(yi) > 8, and in fact N(xi) \ yi = N(yi)\xi = {vi-i,Xi-i,yi-i,Vi,Vi + i,Xi +1 ,yi +1 }. 
But since d(vi) > 8, N(vi) D j/j-i, Xi+i, yi+i) 7^ 0, but this contradicts the fact that L is a ladder. 

Therefore, every Vi has at least 4 neighbors in ^(J). But this impossible by a simple application of 
Euler's formula. 

Case 2.5.5. k > 7 

We only need to show that every 7-connected graph is P 4 -linked, the other bounds follow from 
Case 2.5.4| We show the slightly stronger statement that obstructions are at most 6-connected. 

Let (G, (a, b, b'), (a', c, c')) be an obstruction, and suppose that G is 7-connected. Following the 
same arguments as in Case 2.5.3| we can see that V(Ri) = {v i-\, Xi-\,yi-\, v-i, Xi,yt} for 1 < i < m, 
while {xi, yi} = {b, b'} and {x m -i, y m -i} = {c, c'} for < i < 3. 
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Without loss of generality we may assume that Vi ^ Vi + i for 3 < i < m — 4. Otherwise, ei- 
ther (G[V(Ri U Ri+i)], (vi-uxi-^yi-x), (v i+ x,x i+ x,yi+x)) is a rung (possibly of type (8) or (8')) or 
{v i} Xi, yi,Vi + 2,x i+ 2,yi + 2} is a cut set. 

Assume that \Nj(vi)\, \Nj(vi+\)\ < 3 for some 2 < i < m — 2. We will consider 

S = {xi,yi,x i+1 ,yi+x} \ {xi-i,yi-i,x i+2 ,yi+2}. 

To start with, S ^ 0, otherwise either d(vi) < 7, d(vi+x) < 7, or L is not a ladder. If there is an 
edge from Vi—\ into S, then ViXi-x, Viyi-x ^ E(G), otherwise Ri is not a rung. As d(vj) > 7, 
\{xi,yi,x i+ x,yi + x}\ = 4 and {xi,yi,x i+ x,yi + x} C 2V(«i). This implies that there is no edge from 
Ui+i to {xi, yi}, otherwise R%+x is not a rung. But now, Sj-i, ft, is a cut set, a 

contradiction. Thus, there is no edge from Vi-\ into S. Similarly, there is no edge from Vi + 2 into S. But 
this implies that {xj-i, yi-x, Vi, ^i+i, ^j+2 ; yi+2} is a cut set, a contradiction. Therefore, at least one of 
\Nj(vi)\, \Nj(vi+x)\ must be greater than 3 for 2 < i < m — 2. 

Now consider J and C = J n L. Without loss of generality we may assume that C is in fact a 
cycle, otherwise we may add the missing edges, and the resulting graph is still an obstruction. Since G 
is 7-connected, C has no chords, and J \ C is connected. Let B be an end block of J \ C, and x G V(B) 
the only cut vertex of J \ C in B (if B ^ J \ C). B inherits a plane embedding from the embedding 
of J, and all the vertices on the outer face of this embedding (other than x) have degree ds{v) > 4 in 
B by the argument in the last paragraph (and thus |V(i?)| > 5 and dsix) > 2). Suppose there are k 
(including x) vertices on the outer face, and i vertices not on the outer face. For those internal vertices, 
we have dsiv) = d(v) > 7. If we now connect all vertices on the outer face with an additional vertex y, 
the resulting graph B' is still planar. But 

Ah J- 7/ _ 9 

\E{B')\ > ^ + k > 3(k + £ + 1) - 4 > 3\V(B')\ - 6, 
contradicting the planarity of B'. □ 



3 K 2 U P 2 



Theorem 3.1. Let N > 29. Then 



N+2 
2 

N+l 



, ifk < 3, 



JV-l 



6 < 



5(k,K 2 UP 3 ,N) = 

5(A,K 2 UP 3 ,N) = 

+ 2.25 < 5(5,K 2 UP 3 ,N) < 

-o(l) < 5(6,K 2 UP 3 ,N) < 

k < 5(k,K 2 UP 3 ,N) < max{A;, 10}, ifk>7. 



V3N + 4, 
10, 



Proof. 

Case 3.1.1. k < 3 

every K 2 U P 3 -linked graph is 4-connected. This implies that S(k,K 2 U P 3 , N) > 



By Fact 



1.4 



T^T^l • Equality follows from the next case as every graph with minimum degree I 



N+2 - 



is 4-connected. 



Case 3.1.2. k 



To show that 6(4, K 2 U P 3 , N) > [f J 
and G 2 with \Gx\ = \^], \G 2 \ = and \Gx n G 2 

with p2>a £ V"(Gi \ G2) and px,b G F(G2 \ Gi). If we choose ^3 G VlG^), then G contains no 
(K 2 U P 3 )-linkage consisting of a a — 6 path and a pi — P2 — P3 path. 



consider a graph G consisting of two complete graphs Gi 
, emu vm v 1 — - 2, and two additional edges p2&, Pia 
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Now let G be a 4-connected graph on N vertices with minimum degree 5(G) > ■ If G is 

5-connected, then G is K 2 U P 3 -linked by the next case, so we may assume that G has a 4-separation 
(A, B). If ./V is even, then |A| = \B\ = and G[A] and G[B] can have missing edges only inside 
An B. Such a graph can easily be seen to be (K 2 U P 3 )-linked. 

If N is odd, then we may assume that \A\ = and \B\ = Again, G[A] is complete up to 

some missing edges inside An B. Further, G[B] can only miss a matching and then some edges inside 
An B. In particular, there exists a matching with four edges between B \ A and A. Such a graph can 
easily be seen to be (K 2 UP 3 )-linked: given vertices a, &,Pi,P2>P3 £ V(G), find a shortest p\ — p2 — P3 
path using the fewest possible vertices in A n B and none of a, b such that the remaining graph is still 
connected. 



Case 3.1.3. k = 5 

For the lower bound, we will construct a graph similar to those in the proof of Theorem |2.5| Let 8 > 

5. hetZi, 1 < i < 25 — 7 be complete graphs with |V(i%)| = 5+1. Let {vi, Xj-i, y^-i, X{, yi} C V(Zj), 
and otherwise the V{Zi) are disjoint. Let V(G) = {a,p2} U |J V(Zi), let pi = ^25-7, P3 = 2/25-7 and 
6 = xq. Add the edges api, bpi for 1 < i < 2, p22/o ? ^25-6-^) P2^j for 1 < j < 5 — 3, and VjVj + \ for 
1 < J < 25 - 8 (see Figure 




Figure 4: The graph G in Case 3.1.3 



Then 5(G) = 5, G is 5-connected, and N = \ V(G)\ = 25 2 - 95 + 11 < 2(5 - 2.25) 2 + 1. Further, 
there is not an a — b path and a p\ — p2 — p% path, which are disjoint. Therefore, 5(5, K 2 U P 3 , N) > 

y^ + 2.25. 

For the upper bound, we will first show the following claim. 

Claim 1. Let G be a graph with minimum degree 5 = 5(G) > 8, let X = {a, b,pi,p2,P3} C V(G). 
Suppose that G has no ^-separation (A, B) with X Q A. Suppose that G does not contain disjoint a — b 
and p\ — P2 — P3 paths, and suppose that no edge can be added without destroying this property. 
Then for every 5-separation (A, B) with X C A and p2 ^ B, A Pi B induces a K 5 . 

For the sake of contradiction, choose a 5-separation (A, B) with X C A and p2 $ B, for which 
G[A n B] is not complete, such that B is minimal. But now it is easy to see that (B, A n B) is linked 
(you may apply Theorem |1.7| to G[B] + x, where the added vertex x is joined to every vertex, concluding 
that (G[B] + x, (A n B) U {x}) is linked). This shows that adding edges within An B will not create 
disjoint a — b and p\ — p2 — pz paths, showing the claim. 
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Next, let N > 29, 5 = 5(G) > V3N + 5 and consider the set S of all 5-separations (A, B) with 
X C A, p2 B, and B is maximal (i.e., there is no such separation (A', B') with B C J5'). For every 
such separation, > 5 + 1, and for every pair of two such separations, B n B' C An A'. 

Let 

A:=V(G)\ [j B,B:= [j A(~)B. 

(A,B)eS (A,B)eS 

Note that \B\ < 5|«S| < 5 jV ~^^ g ^ . Consider the graph G' obtained from G[A U B] by adding a vertex 
p' 2 with iV(p' 2 ) = N\p 2 \. Note that G' has no 5-separation (A, B) with X U p' 2 C A 

If |.4| > <5, then (using that every vertex in ,6 has at least 6 neighbors in G', \B\ < 5\S\ < 5y^: < 

-^^/]Vand<5 > ^/3iV + 4) 
v3 

|£(G')| > f (|A| + 1) + 3|B| > 5|^| + 5|B| - 9 = 5\V(G')\ - 14. 
If 6 < |^| < 5, then 

|^(GO|>(<5-||^|)(|^| + 1) + 2|0| 



> (\A\ - 4)V3N - l -f(\A\ + 1) + 5|^| + 5\B\ - 9 

> 5\A\ + 5\B\ - 9 = 5\V(G')\ - U. 

Therefore, (G' , XUp 2 ) is hnked by Theorem |l.7| and we can find the desired linkage in G, a contradic- 
tion. Thus, \A\ < 5. 

Finally, if \A\ < 5, note that if p2 has more than 3 neighbors in some B, then G' contains a K 6 and 
so (G', X U p 2 ) is linked, a contradiction. Thus, 

5 - 4 < \N(p 2 ) DB\< 3\S\ < 3 N ~} A \ } ^ , 

o — 4 

contradicting the fact that 5 > \/3N + 4. This shows that 5(5, K 2 UP 3 ,N) < \/3N + 4 for N > 29. 
Case 3.1.4. k > 6 



The lower bound for <5(fc, if 2 U P 3 , N) follows from Theorem 2.5 the upper bound follows from 
Theorem 1 1.7 1 

□ 



4 if 2 U C 2 and P 3 U P 3 



By Fact 1.2 every (isT 2 U P 3 )-linked graph is (i^ 2 U G 2 )4inked. Thus, all the upper bounds in Theo- 
3.1 apply to 5(k, K 2 U C 2 , N) as well. As for lower bounds, note that all the examples in the proof 



rem 



of Theorem 
a disjoint a 



3.1 with k < 5 yield the same lower bounds for 5(k, K 2 U C 2 , N) (none of them contains 
— b path and a cycle through p\ and p 2 ). For k = 6, we can employ again the example in 
Case 2.5.4 in the proof of Theorem |2.5| and note that this graph does not contain a disjoint pi — pi path 



and a cycle through p% and p^. Therefore, we have the following theorem. 



ifk < 3, 



Theorem 4.1. Let N > 29. Then 

5(k,K 2 UC 2 ,N) 
5(A,K 2 UC 2 ,N) 

'^ + 2.25 < 5(5,K 2 UC 2 ,N) < VM + 4, 
6 < 8-o(l) < 5(6,K 2 UC 2 ,N) < 10, 

k < 5(k,K 2 UC 2 ,N) < max{fc, 10}, ifk > 7. 
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Now that we have considered all multigraphs with up to 3 edges, let us consider graphs H with 4 
edges. We can prove the following theorem about H = P 3 U P 3 . 



Theorem 4.2. Let N be large enough. Then 



5(6, P 3 U P 3 ,N) = 
^+3.25 < 5(7, P 3 U P 3 ,N) < 
8 < 5(8,P 3 UP 3 ,N) < 



-N+2~ 



P 2 I- 
y/bN + 6, 



40 



Proof. For the upper bounds, we use Theorem 5.1 and that 5(k, P 3 U P 3 , N) < S(k, 2K 1 U P 3 , N) by 



Fact 1.2 For the lower bounds we find examples. 
Case 4.2.1. k = 6 

Let G consist of two complete graphs G± and G2 with \G\ 



N+3- 



\Go 



I 2 I' l^^l L 2 

G2I = 3, and three additional edges p%qx, P2I2, P3Q3 with pi G V(G\ \ G2) and qi G ^(G2 \ Gi). Then 
G contains no (P 3 U P 3 ) -linkage consisting of a pi 



92 



L^J,and|Gin 
V(G 2 \ 

j*3 path and a gi — p 2 — 93 path. 



Case 4.2.2. k = 7 



Let S > 7. Let Zu 1 < i < 25 - 9, be complete graphs with |V(2Ti)| =5 + 1. 
Let {vi, Xi-i, Ui-i, Zi-i, Xi,yi, Zi} C V(Zi), and otherwise the V(Zi) are disjoint. Let V(G) = 
{P2,(?2} U U^(-^i)' let Pi = P3 = 2/2,5-9, Qi = %o and q 3 = y . Add the edges p^ for 

1 < i < 3, pip 2 , p 2 P3, P2Z2S-9, qiq2, q2q3, q2Zo, q2Vj, P2V 2 s-s-j for 1 < j < 5 - 4, and VjVj+i for 
1 < j < 26 - 10 (see Figure[5]>. 




Figure 5: The graph G in Case 4.2.2 



Then 5(G) = 5, G is 7-connected, and iV = \V(G)\ 
Further, there is not an p\ — q2 — P3 path and a q\ — p 2 

5(7, P 3 U P 3 , N) > J2=Z + 3.25. 



: 25 2 - 135 + 23 < 2(5 - 3.25) 2 + 2. 
q3 path, which are disjoint. Therefore, 



□ 



5 Bipartite H with small components 



Very similarly to Theorems 3.1 and|4.1| we obtain the following result. 
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Theorem 5.1. Let N be large enough, i > 1 and H £ {£ K 2 U P 3 , 1 K 2 U C 2 }. Then 



JV-21+1 
2 



6(2£+l,H,N) = [^ii], 

8(2£ + 2,H,N) = 

2^ + 0.25 < S(2£ + 3, H, N) < ^J{21 + 1)N + 21 + 2, 

2£ + 4 < <5(2€ + 4, ff, TV) < 10(£ + 2). 



Proof. The proof follows arguments very similar to the proofs of Theorems 3. 1 and 4. 1 and is left to the 
reader. The only inequality we elaborate on here is the lower bound for k = 21 + 3. For this, add 21 — 2 



vertices to the bounding graph in Theorem 4. 1 and connect them with all other vertices. Making these 
new vertices the terminals of the extra K 2 s it is easy to see that this graph is not (I K 2 U C 2 )-linked. □ 



6 Conclusion and open questions 

We have determined 5(k, H, N) for all H with up to three edges, up to some small constant factors. In 
every case, 6(k, H, N) = Q(N 1 / e ). Is this the case for all k and HI 

We know 5(k, H, N) only for few H with more than three edges. Very interesting should be the 
cases H = C 4 (as almost always), H = K 2 U K13 and H = K 2 U P 4 . In the last case, we know for 
sufficiently large N (with a proof similar to Theorem [42]) that 

5(6, UP 4 , AO = p±2J, 
V / A 7 ^2 + 4.7 < 5(7, if 2 UP 4 , AO < V5iV + 6, 
8 < 5(8, iv" 2 UP 4 , AO < 40, 

but this leaves quite a gap between the bounds for 5(7, K 2 U P 4 , N). 
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